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1 Introduction 

Recently an alternative approach to Birkhoff 's theory of difference equations [1] has been 
proposed in [4]. This approach leads naturally to local monodromies of difference equa- 
tions, which should converge in principle to monodromy matrices of differential equations, 
thus providing a missing link in the theory of isomonodromic transformations of systems 
of linear difference equations (see e.g. [2, 3, 7] and references therein). 

The key to the convergence process in [4] is the scaling limit of a certain singular 
integral operator /, arising from a Riemann-Hilbert problem. The operator / acts on 
functions defined on the vertical line with fixed abscisse at a, and its kernel k{z,C,) is 
given explicitly by 

g7ri(2— a) _j_ g— 7ri(z— a) 

If we set Tiz = na + iy, = Tia + irj, 7] G R, and view (j) as a function of i], we can 
define the following re-scaled versions Ix of /, 

W)(y) = P.V. _ ^ m d,, (1.2) 

where P.V. denotes principal values. As noted in [4], an essential property of the operators 
I\ is their formal limit, 

hmy)-^rmd^, A^+oo. (1.3) 

JO 

The purpose of the present paper is to provide a detailed study of the boundedness 
properties of the operators / and Ix in suitable spaces of Schauder type, and to establish 
a precise version of the formal limit (1.3). Near the diagonal, the singularities of the 
kernels of Ix are the same as for the Hilbert transform, and the techniques for handling 
the local behavior of such kernels are well-known. The main novel feature in our case is 
rather their global behavior near oo. This global behavior prevents their boundedness on 
scale-invariant spaces, and accounts for the existence of non-trivial limits such as (1.3). 
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2 Schauder estimates with exponential growth 

We introduce the following norms of Schauder type for functions on R. Fix k E H,, m E Z, 
< q; < 1, and let A^^^^-, be the space of functions on R satisfying the conditions 

\<P{x)\ < C7(l + |x|re'^l"l, 
|0(x)-0(y)| < C\x-yr{{l + \x\re^^'^ + {l + \y\re^\y^}, (2.1) 



for all x,y eH. We define \ \d)\ L" to be the infimum of the constants C for which these 

(m,«) 

inequalities hold. We also require the space A?, ^ and the corresponding norm ||<?i>||A« 
defined by the conditions 

|0(x)| < Clog(l + |x|)e'^N, 
|<^(x)-0(z/)| < C \x - yr {log (1 + \x\) e^\'\ + log (1 + \y\)e^\% (2.2) 

The singular integral operator / can be expressed as 

miy) = (e-' + e^)g( ^_(./^^(.) 0(-)) (2.3) 
where H is the following exponentially decaying version of the classical Hilbert transform, 

{Hi)){y) = P.V. / r %l){ri) drj = lim, ^ / — r ij(ri) dr]. 

(2.4) 

Set 

K{z) = (2.5) 
e — e 

Then the kernel K{z) is C°°(R \ 0), odd, and satisfies 

\m\<c{%r ;[|:|;;: mi.)\<c[%- (2.6) 

In particular, these are better estimates than for the standard Hilbert transform kernel 
Ko{z) = ^ and it follows at once that the operator H is bounded on the standard 
Schauder spaces (see e.g. [6, 5]). To obtain estimates for the operator /, we need the 
boundedness of H on the above spaces A"^ and this is provided by the following theorem: 

Theorem 1 FixQ < a < 1, m E Z. The operator H is bounded on the following Schauder 
spaces, 

||i/^||A^_, < Cm,.,km\A^^^^^, -1<K<1. (2.7) 

For K = —1, we have the following bounds, for m E Z, m > —1, 

ll^v^lk..-, ^ ^«II^IIa(.,-,' ^ = -1- (2-8) 
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Proof. The method of proof is the standard method for Schauder estimates for singular 
integral operators. The only new feature here is the control of Hip^x) for x large. In view 
of the fact that K{z) is odd and exponentially decreasing, we can write 

/oo 
K{x-y){,lj{y)-^ljix))dy, (2.9) 
-oo 

where the integrals on the right hand side are now convergent for ip e A"^ with < a < 
1, K. < 1. In particular, 

\Hi;{x)\ < f |a;-y|-^+"((l + |x|)"*e'^l^l + (l + |y|)'"e'^l2'l)c/y 

J\x-y\<l 

+ f e-l"-'^l((l + |a;|)"^e''l"l + (l + |2/|)™e"'^l)rfy. (2.10) 

J\x-y\>l 

These are clearly bounded for |a:| bounded, so we may assume that > 3. In this case, 
2^ ^ — 1 < \y\ < + 1 < 2\x\ in the integral over the region |x — < 1, and 
(1 + |y|)™e'^l2'l < C« (1 + IxD^e^'l^l. Thus the first integral is bounded by C (1 + |a;|)"*e'^l^l. 
The same upper bound for the second integral follows from the following lemma: 

Lemma 1 For any — 1 < k < 1, and any m & Z, we have for all \x\ > 3 

/ e-l"l(l + \x- ^D'^e^l^-"! dz < C„,«(l + |a;|)'"e'^l^l. (2.11) 
For K — —1, we have for m & Z, m > —1, 

, I. _ ,|)™,-.-., ,,^aj i \ (2.12) 



Proof of Lemma 1. We consider separately the cases ofO<K<l,— 1<k<0, and 
K — —1. When < K < I, we write e'^l^"^' < e'^'^' e'^'^l, and hence the integral on the left 
hand side of the above inequality can be bounded by 

e^l^l / e-('-'^)l"l(l + |x-;2|)'"rfz + e"l"l / e-^'^'^^^'^l + \x - z\)"'dz. (2.13) 

J\x-z\>^\x\ J\x-z\<\\x\ 

In the first integral we can write 

(1 + k - z\r < c.,n{i + \x\Y\i + \z\r. (2.14) 

This is certainly true with Cm = 1 if m > 0. If m < 0, then we use the condition 
|x — 2;| > \\x\ to write (1 + |x — z\)"^ < 2^"'(1 + |.'r|)"^, and the inequality still holds. Since 
fi; < 1, the desired bound follows for the first integral. Next, in the second integral, we 
have \\x\ < \z\ < \\x\, and we can write 

f e-(^-")l"l(l + |x-^|)"^ciz < e-^l^l / (l + |x|)H(i + |^|)H(/^ 

J\x-z\<^\x\ .^kl<il^l 

< CAr(l + |x|)-^, (2.15) 
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for arbitrary N. This proves the lemma when < k, < 1. When — 1 < k < 0, we write 
instead 

^-\z]^k\x-z\ _ ^~{1 + k)\z\ ^k{\z\ + \x-z\) ^ g-(l + K)|z|gK|x| (2.16) 

and bound the integral on the left hand side of the lemma by 
6*^1^1 / e-(^+'^)l^l(l + |a;-z|r(iz + e'^l^l / e'^^+^^^'^il + \x - zD^'dz. (2.17) 

J\x-z\>^\\x\ J\x-z\<^\\x\ 

The bounds for these integrals are now the same as in the previous case. This establishes 
the estimate (2.11). Finally, consider the case k = —1. In the region of integration 
\x — z\ > A\x\, we have the integrand can be crudely bounded by e~^l^l(l + |x — 2;|)'"e'"2N-^l, 
and hence the contribution of this region is 0(e~^l^l), which is better than we actually need. 
Thus it suffices to consider the region |x — ^| < 4|a;|. We write then 

/ e-l^'(l + |x-0|)'"e-l=^-^ldz<e-l^l / (1 + |x - ^|)" (2.18) 

from which the desired estimate follows at once. The proof of the lemma is complete. 
Q.E.D. 

We return to the proof of the theorem. Let x,x' E H and set 5 — \x — x'\. The next 
step is to estimate Hip{x) — Hip{x'), which can be expressed as 



/ K{x-y){i^{y)-^l;{x))dy- j K{x' - y){'il;{y) - i^{x'))dy (2.19) 

+ f K{x- y){i^{y) - ^{x))dy - [ K{x' - y){ip{y) - ^{x'))dy. 

J\y-x\>Z5 J\y-x'\>Z5 

The first two integrals can be estimated as in the bounds for \H'4>{x)\. For example, 

\f K{x-ymy)-i;{x))dy\ < MU^^.f , - y|-^+"{(l + |x|)™e'^N 

J\y-x\<3S ^"''''> J\x-y\<3S 

+(1 + |^/|)'"e'^l^l} 
< C||V^||A._/"(l + |x|)-e'^N (2.20) 



since (1 + |?/|)™e'^'^' < C* (1 + |a;|)'"e'*l^l for > 3 and 6 « 1. To estimate the remaining 
two integrals, write 

/ K{x' -y){il;{y)-il;{x'))dy - / K{x' - y){il;{y) - i^{x))dy (2.21) 

J\y-x'\>3S J\y-x'\>3S 

J\y-x\>35 J\y-x'\>3&,\y-x\<?,5 J|{/-a;'|<35,|j/-a;|>35 

The last two integrals on the right hand side satisfy the desired bounds, because in their 
ranges of integration, we have ||/ — a;| ~ \y — x'\ ~ 5, and the same arguments above apply. 
The remaining integral can be combined with the third integral in (2.19) to give 

f ^K{x -y)- K{x' - ymiy) - i^{x))dy. (2.22) 

J\y-x\>3S 
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Since we have 

\K{x -y)- K{x' -y)\<\x-y\- \d,K{z)\ (2.23) 

for some z in the segment between x — y and x' — y, and hence \z\ ~ |a: — t/| when 
\y — x\ > 3\x — x'\, we can write, in view of the bounds for the \dzK{z)\, 

I / {K{x -y)- K{x' - y)){i:{y) - i:{x))dy\ 

J \y—x\>35 

<5||^||a„ / \x-y\-'^'^{{l+\x\re^^'^^ + {l + \y\re^\y\}dy 

JM<\x—y\<l 

+5 1 1^1 |a« . / e-l^-^l{(l + |x|)"^e'^l^l + (1 + \y\re^\^\} dy. (2.24) 
The first integral on the right hand side is bounded by 

^ IIV'IIa" . / \x- y\-^^"{{l + \x\re^\^\ + (1 + \y\re^\y^}dy 

' JU<\x-y\<l 

< 5||^||a- J1 + IxD^e"'^! / < (75"(1 + |a;|)'^e'^l^l.(2.25) 

Applying Lemma (1), we obtain similar bounds for the second integral. Altogether, we 
have shown that 

\Hi^{x) - Hi^{x')\ < C||V'||A«^^,|x-x'|"(l + |a;|)'"e'^l^l (2.26) 

for — x'l small, and the theorem is proved when —1<k<1. The case k = — 1 is 
established exactly in the same way, using the corresponding estimates in Lemma 1 for 
K — —1 and m > —1. The proof of Theorem 1 is complete. Q.E.D. 

Theorem 2 For < k < 2, m E Z, and < a < 1, the operator I is bounded on the 
following Schauder spaces, 

||/(0)||a^^_^, < ||0||a^,„^^,, 0<k<2. (2.27) 

For K = 0, meZ, m > —1, the operator I satisfies the following bounds, 

||I(0)||a« ^ < C«||0||a« ^, m = -L (2.28) 

Proof. This is an easy consequence of Theorem 1, the fact that the map (/) ^ ipi^y) = 
ev+e-y ^^y^ ^ one-to-one and onto map M from A"^_^) — >• A"^_^_^-), with equivalent 
norms 

II^IIa^ ~||0||Af« ^. (2.29) 

' ' {m,K, — l) (m,K.) ^ ' 

and the relation /(</)) = M-^HM(j). Q.E.D. 

We observe that these bounds always require some space which is not scale- invariant. 
Thus bounds for Ix cannot be obtained by scaling the bounds for /, and this explains 
partly the possibility of the scaling limits discussed in the next section. 
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3 The scaling limit of I\ 



We come now to the operators I\. The estimates for / in the previous section show that 
Ix cannot be treated by simple scahng arguments from /. Instead, we shall study the 
bounds and limits for 7;^ as A — > +00 directly. It is simplest to carry this out for functions 
(p satisfying conditions of the form, 

\d^(j){x)\< Cfe(l + |x|)™, 0<l<k, (3.1) 

for fixed m e N, e N, and norms ||^/!>||Afc defined to be the best constant Ck for which 

(m) 

the above condition holds. The following theorem describes the limit of I\ in these spaces, 
although it should be clear from the proof and from the previous section that other more 
precise versions can be formulated as well: 

Theorem 3 Fix m e N. Then we have the following bounds, uniform in X and in (f) & 

\\lMiy) ^ r md^W^ <C;„A-^||0|Ui (3.2) 

JO ('"+1) {">■) 



Proof. Formally, if we write 

jKx{y,v)mdri (3.3) 

with 



e-^y + e^y 



then for, say, y > 0, we have the pointwise limit 

'^10, if 77 < or > ^ ^ 

Thus, formally, the left hand side of the expression in the theorem tends to as A ^ +00. 
However, none of the integrals involved is uniformly nor absolutely convergent, and we 
have to proceed with care. Fix y > (the case of y < being similar). The key to the 
estimates is the following break-up of the principal value integral defining /a(0), 

ihimy) - l^,j^{Hy-t)-.p(y + t))dt + J^^^^^^,,^^ 

^ (A) + (5) ' (3.6) 

with 

^(rj) = ^^^^f^Jirj). (3.7) 
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To estimate (A), we apply Taylor's formula 

iP{y -t)-^{y + t)=t J'^ iP'{y - pt)dp (3.8) 
which gives in this particular case, 

/■I 1 

-^ (eA(.-pt)+e-A(.-pt))2 '^(^ - P^) ) (3-9) 

Thus {A) can be rewritten as 

{A) = j£ dtj'^dpxx{p,t)(P'{y-pt) 

= Ai + Ao (3.10) 
where the function Xa(p, is defined by 

At e^y + e-^y 

^^^P' ^' ~ eXt _ g-At e\(y-pt) e-\{y-pt) ■ ^3.11) 
The following sharp estimates for Xx{Pj P^^Y essential role in the sequel: 
Lemma 2 For all <t < y, the functions XxiP^t) satisfy the following properties 

^TZ^--'*^^-''^<Xa(p,^)< 2^-^ \p\<l,0<t<y 
(b) \< J\x{p,t)dp<2. (3.12) 

Proof In the region < t < y, we have y — pt > for all |p| < 1, and thus 

1 e^'* < w u < 2 e^''*. (3.13) 

2 ~ e^{y-pi) + e.-x(y-pt) — v / 

The upper bound implies (a), while the lower bound implies (b), when combined with the 
following explicit formula 

r e^"' dp = ^( e^* - e-^* ). (3.14) 
J —1 At 

The proof of Lemma 2 is complete. 

We can now show that Ai — > with a precise rate: 
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Lemma 3 The term involving (f)' above tends to at the following rate, 



l^il <C^^ 



m+1 



(3.15) 



Proof. It suffices to write 



\Ai\< \mU. ^ r dt{l + \yr + \tr) [' dpxxip,t) (3.16) 
A ("') Jo J-i 

and tfie desired estimate follows from the statement (b) of Lemma 2. Q.E.D. 

The estimates in Lemma 2 show that XxiP^t) provide an approximation of the Dirac 
measure concentrated at p = 1, 



1 



(3.17) 



I-iXxif^,'t)dp 

A precise version of this statement with sharp estimates is given in the next lemma. Set 



1 Q-Hy-pt) _ QHy-pt) 

1 ^^XA(P,t) ^-xiy-pt) + e^{y-pt) 



(3.18) 



dpxx{p,t) 



-X{y-pt) _ pX{y-pt) 



- 1) 4^{y - pt) 



+ 



^-X{y-pt) _|_ ^X{y-pt) 

dpxx{p,t) {4>{y - pt) - (t>{y -t)) + { dpxx{p,t) - l)(f>{y - t). 



Lemma 4 For all < t < y , and any 6 > and small, we have the following estimates, 
with absolute constants, 



(a) 
(b) 
(c) 



/' dpxx{p,t)-l ■ \<l>{y-t)\ < (l + y)m^e-'y + e-''(y-'^) (3.19) 

J-i (">) 



dpXx{p,t) {(l){y- pt) -(f){y-t)) 



< II0IU1 (l + y)"^{St + e-''') (3.20) 



(m) 



dpxx{p,t) 



^X(y-pt) _ ^^-X(y-pt) 



gX{y-pt) _|_ Q-X{y-pt) 



|0(l/-pt)|< Ce-2^(^-*)||0|Uo il + y)^. 

(m) 

(3.21) 



Proof. To prove (a), we write 



e-^y + e^y 



Q-X{y-pt) _ ^X{y-pt) 



^Xpt 



e-2Xy _ ^-2X{y-pt) 



I Q-2X{y-pt) 

< gApt^g-2A2/ _^ g-2A(2/-pt)-j ^ ^Xpt^^-2Xy _^ ^-2X{y-t)y 



(3.22) 



In particular, 



< 



At 



gAi g — At 



(ipe^^*(e-2^^ + e-2^(^-*)). (3.23) 



Since dpe^P* = (At)"^(e'^* - e"-^*), the statement (a) follows. 
To establish the statement (c) , we begin by noting that 

pHy-pt) _ p-Hy-pt) p-'^Hy-pt) 
g-2A(,-pt) < 1 _ ^ ^ 2 < 2 e-^^^^-''*) . (3.24) 

— eMy-pt) -If- e-Hy-pt) i _|_ Q-2X{y-pt) — ^ > 

Using the estimate for x\ iii Lemma 2 and carrying out explicitly the integral in p gives 

- 3^ 1 _ e-2At - ^ ^ 

which implies immediately (c). 

To establish (b), let 5 > be any number sufficiently small and to be chosen suitably 
later. Write 

/' dpxx{p,t){(l){y-pt)-(t>{y-t))^ r\ C =Is + IIs. (3.25) 

J-l J-l Jl-S 

The second term on the right hand side can be estimated by, 

\IIs\<5tMU^ (1 + yr f dpxx(p,t)<5tMU^ (1 + yr, (3.26) 

while the first term can be estimated using Lemma 2, 

/,| < 2II0IU (l + y)-— rfpe-^*(^-'') 
(m) 1 — e •^'^ J-l 



1 _ p-At(2-5) 

= ^miAlJl + yre-''^-^-^^ < Csup[o,2,]|<^|e-^^*. (3.27) 

The proof of Lemma 4 is complete. Q.E.D. 

We can now carry out the integral in t. The precise estimates are given in the next 
lemma: 

Lemma 5 For any < y, we have the following estimates, 

<C|M|..„,(l+»r(5^ + 3|). (3.28) 
with a constant C independent of y and of X. 
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Proof. In view of the defining formula (3.11) for the function x\{P}t) and the break up 
(3.18), the left hand side of the desired inequality is bounded by the integral in t of the 
three inequalities in Lemma 4. This gives the following upper bound, 

||0|Li (1 + y)"' r dt(e-^y + 26-''^^^-'^ +6t + e-^^'). (3.29) 

The integral can be evaluated explicitly, and we find 

ye-^y + ^(1 - e-^^y) + ^ V + ^(1 - e"^^). (3.30) 

We consider the sum of the first two terms: when Ay < 1, it is bounded by C y, where C 
is an absolute constant. When \y > 1, it is bounded by C X~^. Thus we have 

(3.31) 

Next, we consider the optimal choice of 5 so as to minimize the size of the sum of the 
remaining two terms in the above integral. We note that we may assume that 6\ > 1, 
since otherwise the term {SX)~^{1 — e~^-^) is of size 1, and we do not even get convergence 
to 0. Thus we should take 5X > 1, in which case the sum of the two remaining terms is of 
size 

V + ^ (3.32) 

which attains its lowest size yX~^ if we set 6 = y^^X^^. This gives the estimate stated in 
the lemma. Q.E.D. 

We return now to the estimate of the contribution to I\{(t)){y) of the integral in t from 
the region \t\ > y. 

Lemma 6 For any < y, we have the following estimate 



f 

J\t\ 



1 + e~^y 



■.\>y e^* - e-^* e^(f-*) + e-^^y-*") 
Proof. Consider first the contribution from the region t > y. In this region, we have 

U^i^y-t) < +^ < 2 -4r^ = 2 e^^'^"*^ (3.33) 

Thus the contribution from the region t > y to the integral on the left hand side of the 
desired inequality can be bounded by 



poo P~'^^^ 

^ i-e-^Hs-.y) (' + \'nds. (3.34) 
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We claim that for all m e N, we have 

I T^T^^' + 1^1"^) ds<C^-il+ log (1 + -). (3.35) 

In fact, setting ^ = e~^^^ and making the change of variables s — > e"^^" = s, this 
integral can be rewritten as 

^ '^'^ :i + ;^logV- (3.36) 



2A Jo 1 — ujji 2A M 

We break it into two regions of integration < tt < | and \ <u <1. In the first region, 
the integral is of size 



Jo 1 — M/i 2A u Jo 2A M 

< ^£ { log ^j'^du + 2-+^ JJ_^ du < Cm. (3.37) 

In the second region, we have 

/.'t^(1 + ^"'8-)"'<C„/;^ (3.38) 
J\ 1 — uii 2A u 1 — ujJL 

This last integral can be evaluated exphcitly, and we find that it is bounded by (1+ log (1 + 
^). This is the desired estimate. 

Next, consider the contribution of the region t < —y. In this region, we have instead 

ie^* < < 2^— < 2e^* (3.39) 

The contribution from t < —y to the left hand side of the desired inequality can then be 
bounded by 

^Ufi + ri r5^^^ + I'l^" dt<Cm\{l+ log (1 + ^), (3.40) 



as was to be shown. Q.E.D. 



The bound provided by Lemma 6 involves a log (Ay)~^ term, and is not adequate for 
y close to 0. This is because the integral is only a principal value integral when \t — y\ is 
small, and the estimates we have just derived for the contribution of the region t > y do 
not take into account the cancellations inherent to principal value integrals. This issue is 
addressed in the next lemma: 
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Lemma 7 Assume that < Xy < 1. Then 

1 



gAy _|_ g-Ay 



y<\t\<i e^* - e-^* e^(f-*) + 6-^(2^-*) 

1 e^y + e-^y 



<C||0||co_^^(y+-) (3.41) 



|t|>i e^* - e-^* e^(f-*) + e-^(f-*) 



0(y — t)dt 



A9 



(3.42) 



Proof. Since we can assume that A is large, the condition that Ay < 1 imphes that y < 1, 
say. We can exploit the cancellation by writing the integral over the region y < \t\ < 1 in 
the form, 



y<\t\<l 



1 



-{- 



g-^y _|_ g->»2/ 



y gAf _ g-At L ^-\{y-t) _|_ QX{y-t) 



<t>{y - 1) 



g-Ay _^ gA?/ 
g-A(2/+t) _^ gA(2/+t) 



(j){y + t)}dt (3.43) 



Next, the expression within brackets is written as. 



g-Ay ^ gAy 



Q-\{y-t) _|_ gA(j/-t) 



Z7T'/'(?/-^) 



g-Ay ^ gAy 



-Ay _j_ gAy 



g-A(j/-t) _|_ Q\{y-t) 



+4>iy + t){- 



Q-\{y+t) _^ gA(2/+t) 
((/*(?/- t)- 0(2/ + t)) 



-Ay _|_ gAy 



-Ay I pAy 



• g-A(y-t) _^ gA(y-t) g-A(y+t) + gA(y+t) 

The contribution of the first term on the right hand side can be estimated as follows. 



(3.44) 



/' 

Jy 



-Ay _|_ gAy 



gAt _ g-At g-A(y-t) _|_ ^\{y-t) 



4>{y-t)-4>{y + t) ) 



< 



c} 



2,2] 



t 



gAt g — Xt 



e^^^y-'^dt 



Since At/ < 1, we can estimate this last term crudely by 

t 



Jy e^*- 



-At 



gA(2y-*)rf^ < ^ ^£^dt < - 

A Jy 



32At 



- 1 



A 



(3.45) 



since the function u(e^" — 1) ^ is a smooth and bounded function for u > 0. Next, to 
estimate the other contribution, we also exhibit the cancellation more clearly. 



Q-X{y-t) QX{y-t) g-A(y+t) _^ gA(y+t) 



1 



1 



1 _^ g-2A(t+y) V gA(t-y) gA(t+y) 



) 



gA(tH-y) 1 _^ g-2A(t-y) ]^ _^ g-2A(y+t) 

The first resulting group of terms can be estimated by 
1,1 1 



) 



1 + g-2A(t+y) gA(t-y) gA(t+y) 



< e-^\e^y - e-^y) < C Xye 



xt 



(3.46) 
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and the corresponding integral in turn by, 



dt 



\4>{v + t)\ 



■( 



r) 



[0,2] 



Jy Q\t_Q-\ti^yy l\ 1 _^ g-2A(t+j/) V gA(t-j/) gA(t+2/) 

To determine the size of this expression, we break it up as foUows, 

Jy e2^* - 1 ~ Jy e2^* - 1 ^ A 6^^* - 1 " ^ Jy Xt^ J\ 



Ay / 
Jy 



1 



g2At _ ]^ ■ 

(3.47) 



1 

1 p2\t 



< ci(logi + l), 



(3.48) 



and hence, since At/ < 1, 



dt 



ZT7l0(Z/ + ^)l 



1 



1 + g-2A(t+2/) V gA(t-j/) gA(t+2/) 

The remaining group of terms in (3.46) can be estimated in a similar way, 

1 



<M\cf,^,,ij + v)- (3.49) 



1 


1 




I g-2A(t-2/) 



< {e^y - e-^2')e-^(^*+^) < CAye" 



■3At 



(3.50) 



and hence 



■ly 



dt 



< 



1 


1 


1 


gAt g — At 


eHt+y) 


1 _^ g-2A(t-j/) 




/■I e 


-3 At 






_g-At^^' 



(3.51) 



which is even smaller than the previous integral. Finally, to estimate the integral from the 
region |t| > 1, we have the simple estimate, since Ay < 1, say for t > 0, 



gAy ^ g-A2/ 



gAt _ g-At g-A(t-2/) _|_ gA(t-j/) 



-.\<P{y-t)\ < C 



1 1 

gAt ^\{t-y) 



AO (1+1^1 

(m) 



< CMUo (l + \t\re 

(m) 



m^-2At 



(3.52) 



which implies readily the desired inequality upon integration in t. The proof of the lemma 
is complete. Q.E.D. 

Proof of Theorem 2. It suffices to combine all estimates from Lemmas 4,5, and 6: when 
Ay > 1, we apply Lemmas 4 and 5, and when Ay < 1, we apply Lemma 4 and 6. Q.E.D. 
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